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We give a natural definition of muitivariate divided differences and we construct
the multivariate analog of Lagrange interpolation. We consider Hermite inter-
polation in the plane case only. We also give a multivariate representation of a
function f in terms of the above mentioned interpolating polynomials and divided
differences.

INTRODUCTION

In this paper we present a natural definition of multivariate divided
differences. We also generalize Lagrange and Hermite interpolation to the
multivariate case. This gives a linear projection from C°(R¥) (the space of
continuous functions on R*) onto I7,_,, (R¥) (the space of k-variate
polynomials of total degree <r — k + 1), where r + 1 is the number of inter-
polation “knots”.

For another, closely related, approach to multivariate Lagrange-Hermite
interpolation, namely, Kergin interpolation, we refer to |2, 9-12]. Kergin
interpolation in the Lagrange case gives a linear projection from the space
C*~'(R*) onto I,(R*).

The authors in |2| gave a related but different definition of multivariate
divided differences, suitable for Kergin’s approach.

Some basic formulas presented here were anounced in [6|. They are
analogous to the one-dimensional ones (see [3]).

In our investigation multivariate B-splines play important role. They were
introduced by de Boor (see [1]) who followed the geometric interpretation of
the univariate B-splines given by H. B. Curry and 1. J. Schoenberg (see [4]).
The recurrence relations of Micchelli for the multivariate B-splines and the
related linear functionals we shall use often.
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LAGRANGE AND HERMITE TYPE 287
1. MULTIVARIATE B-SPLINES

We begin with the definition of the univariate divided differences for
distinct points:

(oo 4,1 f(O) =Y S@)

Solti—to) - @— i)t =) - G —1,)

It is easy to check the following useful relation
[Egseees £ ] = £) L&) = [tgens 15 i1 0eens 8] FLE) ogjgr. (1)

From this relation we readily get the familiar recurrence relation for the
divided difference

[ty tr ]SO = [t1s 6] 0O

Lh— 1,

[toss 8] f(D) =

@)

The Hermite—Genocchi representation for the divided difference of a
smooth function is

pwmmfm=&fmm%+m+mmmmum” (3)

where Q" = {(v) ., V,) | 2[y v < Ly, 20, j= 1., r} and vy =1—-"7_, v;.
To prove (3) (see [13]) it is enough to check that the right hand side
integral in (3), as well as the left hand side, satisfies the recurrence relation

Q).

Let us denote as in [12]
J =] fox’+ - +vx")dv, - dv,, 4)
[x0,...,x7] Qr

where x’ € R, i =0,...,r and f: R* > R.
Now on account of relations (1), (3) we have

C—t) f@)” = j for=n,
]

[to....,tj_,,t/+|,...,t,]

If we set f7~ D 1=, we get

Jo @+
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'This relation is easily generalized to multivariate functions f: R* - R and
xeRKi=0,.,r
Explicitly, we have

= ANG)

To prove this it is enough to check it for so called “ridge” functions

S&X)= Xy X )= 8A1 X + -+ + A, x,) = g(Ax),

where g is a univariate function (for this method see [9]).
For “ridge” function f we have

| f= g and D, ,f(x)=(x—Aix') g'(Ax).
[x® xr]

..... [AxO,...,Ax7]

Therefore (5) is reduced to the univariate case.
Now let y=3"7_ u;x', u =3} _ou,;. Then we find from (5) the relation

Ducif @ +mf 1= £o®

f[xo ..... xn X0, i=0 [x0,..., xi—txi+1, xr]

In particular if z = 0, then (6) reduced to the following Micchelli’s relation
(cf. [12])

fpo D= 2| S ™)
[x©. xr [xO© xi=% xi+1 xT]

..... i=0 oens

We now recall the definition of the k-variate B-spline with knot set
(X%, X"}, r 2k + 1, vol |x°,..., x"] # 0, where

=L

x=Y vx, Y v >0,j=0,.,r!.

i=0 i=0

(%%, x"] = Ix

The condition imposed on x°,..., x" implies existence of a proper simplex
o=[".., y"] in R* with vertices y', i=0,..,r having the same first k
coordinates as x', i = 0,..., r, respectively (see [5]), that is, y' ER", i =0,..., 1,
P = (% )y ¥' = (x",...) and vol, 6 # 0, 6 = [°,..., ¥ ).

Now de Boor’s definition of the k-variate B-spline at x € R¥, x = (x ..., x;)
is

ol, ({y€o|y;=x;,j= L.k}

Vi
M(x|x%...,x") =
(616, X7) vol, o
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In one dimension this is just the Curry-Schoenberg geometric inter-
pretation of univariate B-spline [4].

The following important relation implies the independence of
M(x|x°,..., x") from the choice of y, i =0,..., .

Lk ) M(x | X0,y x7) dx = 1! j{ oo (8)

The proof of this relation is based on familiar change of variables t=
(ty s 8) =V Y0 + - + 1, )"
Still to have (8) also for r =k, let us define

Xo
b
vol, o

M(x|x°,...,x*) =

where ¢ = [x°,..., x*] and x_ is the characteristic function for o.
Combining relations (5) and (8) we get

j M(x|x%., x)D,_,f(x)dx +r j M| X, x) f(x) dx

=f M(x | x%., X 78 XL XT) f(x) dx.
Rk

If the splines M(x|x°..,x") and M(x|x%..,x/", X" ., x") are
continuous then by a standard argument M(x |x°,..,x") has continuous
partial derivatives and

D M(x|x, x") + (r— k) M(x|x°,..., x")
=r M(x|x°..,x"1, XL x0). 9)
This relation was presented in [7] in greater generality, here we have

proved it by the method similar to Micchelli’s in [13].
From (9) we easily get for y=3"7_ou,x' and u=3"7_, u;.

Dy M(x| X%, X"y + u(r — k) M(x | x°,..., x")
r
=r zoﬂ,'M(xle,..., xTL XL x). (10)
iz

We mention that two important special cases of (10), namely, the cases
Du=0, ([pg=1x=y=3"7_,u,x', were found earlier by Micchelli [12]
and (i) was independently found by Dahmen {5].

We have proved here relations (9), (10) under the condition that all the B-
splines appearing there are continuous. Of course the latter is the case if the

640/34/3-6
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points x°,..., x", r > k + 1 are in general position, that is every k + 1 points
from {x°,..., x"} are affinely independent. In spite of this conjugate relations
(5), (6) and (7) hold without restrictions.

Finally we present Micchelli’s recurrence relation (see [13]) which in the
univariate case is due to Meinardus:

M(x|x°...,x")= rj £TTRIM((1 =) X x| xt, XD d, (11)

o0
1
whenever vol, [x',..., x"] # 0.

2. MULTIVARIATE DiviDED DIFFERENCES

The following definition differs from the one presented in [2] on the value
of modulus of the multi-integer a = (a, ,..., @, ).

DErFINITION.  Let x°,..., x" € R%, vol,[x°,... x| # 0, a = (@, s.., &}), |a] =

a,+-+a,=r—k+ 1 and let f be sufficiently smooth. Then the k-variate
a-divided difference of the function f at x°,..., x" is

[x%..., x"]® f = %LkM(x | X°,..., x") D°f(x) dx,

where
Do — (i)a' (1)'”, al=a,l - a,,
ox, ox,,
and
(%%, XK1 f o= (k — 1)!f[xo qu]f::f{x",...,x“*‘}.

Let us now introduce some notation: I7 := collection of subsets of {0,..., n}
of cardinality m.
We briefly write, for i = (iy,.., i,_,) € I},

{xf} = {xho,..., xi1).

We set
yl x’lﬂ e xik“l
i —1 "
d(x', y,7) Vi x;'(o s X
y 1 1

for ¥ = (Y1 Vi) ERY, i = (igyes ix_1) E Iy PER.
Let also ' € R%, (¢'),;= 4!, j=1,...,. k.
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THEOREM 1. Let x°..,x"€R* be in general position, that is,
vol,[x/s,..., X)) £ 0 for all (jyser i) E Iyy1s @ = (@) s ay)s @] =7 —k + 1.
Then

(%% x7]* f= 3 CEf{x'Y,

iel”
ier;

where

Co=(=1)*+! r! [T, d(x', el., O)l
' a!(k_ 1)' l_[laeio ..... ix_1 d(x'ax’ 1)

Jor i =(igye ix_y) Also fix'} :== f{x",..., xk-1}.

The following Lemma 1 is interesting in itself and it is crucial in the proof
of Theorem 1. To establish it we need some preliminaries.

Let vol,[x°,..., x"] # 0. Regions which are bounded but not intersected by
the convex hull of k points from {x°,..., x"} we shall call p-regions.

It is not difficult to prove (with the help of (10)) that M(x | x°,..,x") is a
polynomial of total degree <r — k in every p-region and, if x°,..., x" are in
general position then M(x | x°,.., x") € C""**'(R¥) (see [5, 7, 12]).

Thus D®M(x | x°,..., x"), | B| = r — k, is constant on every p-region E, let us
denote it by D®M/E.

If E,, E, are neighbouring p-regions with common side contained in
[xo,..., x'*-1] then we set

A; 1B DPM = A, . iy 5 DPM(x | X%y x7) := DM |, — D*M |, .

.....

By the right hand side (left hand side) of [x%,..., x'*-1] we mean the half-
space {x|d(x’, x, 1) > 0}, (<0), where i = (ig s, [, _1)-

LEMMA 1. Let x°,...,x" € R be in general position, 8= (B, .., ANNIE
r—k and E,, E, be neighbouring p-regions with common side contained in
A = X0, xH1), = (fg e Ty )

Then

r! T15., d(x, €, 0)
A |E‘DBM(x | x°,..., xr) _ 1=1 » : ,
o (k—1)! l_[htio ..... iy 40X ,x 1)

if E, is on the right hand side of A.

Proof. Assume that x° is on the left hand side of 4 and that r > k.
Let x be in the interior of E, and let it be such that

(i) The half-line (x° + #(x — x®), t > 1) first intersects the side 4.
(ii) It intersects different sides [x'e,..., x/*-1] at different points.
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Since r > k, we have |f| > 0 whence for some m, §,, > 0. Set f—e™ =
Bisees Bu_1s By — 1, By 15+ B)- Then Micchelli’s formula (11) gives
DB”WM@LWW”xU:rJft”D”*WW&°+Kx—x%|xﬂwxﬁdt
=r-M(x|x'...,x"

DP="M(x® + ¢/ (x — x°) | x",... X7)
S = DP " M(x® + £ (x — x°) [ x's, X7)
T L

L]

+

where ¢, are all the values of ¢ at which the half-line (x° + t(x — x°), ¢ > 1)
intersects sides {x,..., xk-1}, j' = (jb,.., jL_,) EI}. If 5 is sufficiently small
then by (ii) the half-lines (x° + #(x —x®), > 1) and (x° + #(x + se™ — x*),
¢t > 1) intersect the same sides. Therefore

1 m
- [DA~¢"M(x + se™ | x°,.., x") — D*~¢"M(x | X°,..., x")]
=r. i _l__i B—em 0 +ly 0 1 r
=r.> [DP"M(x° + ¢} (x — x®) | x',.0s X7)
T s \t,
—~ DPe"M(x® + £ (x — x°) | x',eey X7
Since

d(x', x° + 1(x — x°), 1) = d(x", x° + £, (x + se™ — x°), 1) =0,
it follows that
1/1 1y d.e"0)
s (ts, 2 ) Tdd X% 1)

Hence

DPM(x | x°,..., x")

d(x", e™, 0) em r
== X Ty 1P MG 6 = 2 s )

— DPM(x° + 17 (x — x°) [ X'y X7)]-
Now by (i) we get

d(x', e™, 0)

T AL B DB L x7). 12
rd(x’,x", l)AA |EZD M(x|x'.., x") (12)

4,58 DPM(x|x°,..., x") =

We now pass to the case r = k, hence § = (0...., 0).
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Since x° is on the left hand side of 4, |d(x', x°, 1)|=—d(x’, x% 1), it
follows that

1

dix, x° 1) (13)

A48 M(x | x° x'o,..., xH1) =

Notice, since 4, [i! M = —4,, |;* M the relations (12), (13) hold unchanged
if x° is on the right hand side of 4.
It now remains to combine relations (12), (13). [

COROLLARY. We have the following equality

£
‘M,

i
Ey

R —
A[xio ..... xlk-1] |L M= A[xio

E
..... xik-1] |E;M= A[x"u....,xfkfl]
where E |, E,; E1, E} are paris of neighbouring p-regions with common side
contained in |x",.,x%'] and E,, E|, are on the right hand side of
ig s
[x%0,..., xe1],

Proof of Theorem 1. Let a=(a;,.,a), a,>0. On account of the
hypothesis of Theorem 1 it is not difficult to get

f D® f(x) M(x | x°,..., x") dx

0

a—em 0 r
% axm f(x)D M(X|x gorry X )dx,

=

Denote by £2 the collection of all p-regions. Then we have

0 . ,
[ 5 S DM |, ) d

= 2 Da_emM'EJ g

Eeq £ 0%,

f(x)dx

=¥ D"“e"’M|E-J' d(fx)dx, A Adx, | Adx, A - Adx,).

EeQ E

The above corollary and Stokes’ Theorem give

== Z A[X"O xik-1] |§ M(x | xos'-'s xr)

.....
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To complete the proof, we notice that
f SfOydx, A Ndx,,_, ANdx,, ., A+ Ndx,
[xfo,...,xlk-1]

=d(x',e™, 0) f{x'}.

and make use of Lemma 1. I

3. LAGRANGE INTERPOLATION IN R*

THEOREM 2. Let x°,...,x" € R* be in general position and y,, i € I}, are
real numbers.

Then there exists a unique k-variate polynomial P of total degree not
exceeding r — k + 1 such that

Pix'y=y, i€}

Progf. Consider the map

1
A:I,_ ., (R¥)— R, N=('Z )

defined by (4P), = P{x'}, i€ I}.

Since dim I7,_,, ,(R*)=dim(R")=("%'), it is enough to prove that
(AP); =0, Vi€ I} force P=0.

Indeed from Theorem 1 and P{x'} =0, i € I}, we have [x°,...x"]* P=0
for all a, |a|=r—k + 1.

This means that the total degree of P is <r—k + 1. Now we apply
Theorem 1 to the points x°,..., x"~! and similarly get [x°,..,x""']* P =0 for
all a, |a| = (r — 1) — k + 1 which means that the total degree of P is <r — k.
Continuing in this way, we finally obtain P=0. §

We denote by P, the above unique polynomial for which
Pix'y = fix't, Vi€l
This we shall briefly write
Po= f{x%, x"}.
THEOREM 3. Let x°,..., x" € R* be in general position,

Pr=f/{x%., X"},  XxERK  (iyiy ) ETL_,.
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Then
S1% Xy Xt = P, X0, X414 j [T .o/ (4
[x,x00 XM 1y,
ogigr
or

Sl xt, xie1) = Pofx, xh,..., xi*-1}

+ Y ex%en X7 fle, — P, )i, x, xf,

lal=r—k+2
(15)
where @, 1= x% = x5 -+ XFX
Proof. Let 0<m<r,mE {ij,, iz} Of course
J Dx—x’f= H Dx—xl(f_Pf)'
76 LN 0 1Y 'Y PRI A (S5 CIPPINS Lo I F SUUNUNE
0<I<r 0<I<r
Then we have by Micchelli’s relation (7)
| [T Deulf-Py
[x,x0,co0axm] pi,..., [
oi<m
= [T Deulf—P)-
[x,x0 . coxm=1] Jgi),..., iy
0gI<m—1
- Il D/ P
X0 eresXM] I,y
ogig<m—1
Since
| [T Deulf—P)=0
[ECHE] I P P
ogI<m—1

by Theorem 1, the last equality gives (14).

Equation (15) easily follows from (14). It is not difficult to get (15) as
well using only the fact that [x, x°,..., x"|*(f —Py), la|=r—k+2, is linear
combination of

(f = PY{xs X X1, (frys i) E Ty

Formula (14) is similar to the error formula in Kergin’s interpolation,
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obtained by Micchelli and Milman |11, 12]. These formulas are analogous to
the following one-dimensional relation

FX)=P(x)+ (x —x) -+ (X — X,)[X, Xgseees X, | S
where P is the unique polynomial of degree <r such that
P(x;) = f(x;), i=0,..,r.

In the univariate case we have for that polynomial Newton’s represen-
tation

P(x) = f(xo) + (x — xo)[xg, X, |f + -+

+ (x = xo) - (x = x,_ )[Xqs0e0s X, ]S

The next theorem gives us the multivariate analog of this formula.
First we shall prove

LEMMA 2. Let x,x%,..., x'm € R¥, then

D, f= £ S )

[x,xi0,...,Xim] {x.x,xi0,.,., Xim—1]

Proof. Let 0= y=(1+ s)x—sx— (x + s(x —x'm)). Then Micchelli’s
formula (7) gives

D,f=(1+5) /

j[)\'.x+s()c-)c"m),xlo ..... xim) [x+s(x—xim),xlo,..., xim]

f_ fs

[x,x + s(x — xim),xio,..., xim—1] [x,xf0,...,xim]

hence

.

Now it remains to pass to the limit as s » 0. [
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From (16) readily follows

.....

[x,.00y X, xio xim—1] [xy0ns x,xlo, ..., Xxim]

.....

I+1 !

Also the analog of (16) for multivariate B-splines is

D M(y|x,x%,..., x')

x—xim

= M(y | X, %, X0y x71) = M(p | %, X700, XIm1)
whenever vol, |x, x™,..., x'7] # 0, and where D, = Y %_, z(8/dx,).

THEOREM 4. Let P,= f/{x°,..,x"}. Then we have

P{x)= Y S X% xS (0, — P, )(x), (18)

i=k—1 |la|=i—k+1

where 9, =x* and P, =¢,/{x"..,x'*1"* |, P =0.

Proof. On account of Theorem 3 we have

0 k-2
Prxo,.. xniX X0 X577}

= Ppieo,... xr i % X0y x4 72

+ Y X X T Py on(00 — Py WX X0, XK

b

where P, is the unique polynomial of the corresponding degree which inter-
polates f at the set 4.
Since

[%, X%y X1 Ppo =[x x2S

..........

therefore
0 k—2
Pryixo,. .. xndXs X sy x° 77}

w1y 1% X%y XK 77

.....

+ D [ XS (00 — Py )X, X0, xFT
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Similarly we have

Pf/(X°

.....

=Pyt D X% X% f(0, — P, )%, X0, x 72
Continuing in this way, we finally get

..... ke 15 X0y XK1 = (X0, X2
as can be easily checked.
If we sum up these relations we get

Px, x°..., x¥72)

r

D > X% X fle, — P, )%, X0y X2

i=k—1 |la|=i-k+1

[ > DI A A P%)] {2, X%y x4,

i=k—1 |lal=i—k+1

whence by Lemma 2, the proof is completed. |}

From this theorem we can readily find the polynomial of total degree
<r—k+1,P; ;. ,which for the set {x’,..., x"} has the property:

.....

P . jk_l{xi",...,xi"*‘}=5;8:::::j-::: forall (iyy..,i,_,)EI}.
Namely,
Pjo ..... j,(,,(x)z Z CJL':, ..... j,‘,,(‘Pa_Pma)(x)a
lal=r—k+1
where P, =0¢,/{x’..,x"\{x*} and C; , =C; is given as in
Theorem 1.

Let P, =@o/{x°ss X"}, 9, =x% la|=m—k+ 1, (ijpip_)ETF .
Then, of course, Theorem 3 gives

[T Di_xn®a (19)

nEly..., fe_1
ogngm

i igoy —
(00 = Py )5 X1 X1} = —

The next lemma gives a striking formula for the value (¢, — P, )(x).

LEMMA 3. Let P, =¢,/{x’, x"}, la|l=m—k 4+ 1, (i i ) ETF,
2 I k. Then
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(00 — Py W Xpurry Xy X' x1)

!
= y (9o — P, )%, X X Xt xTe)(20)
(Fiavees j,_l)el;"
{J1seens Jiid iy enes iyl=2

In particular for | =k,
(9o — P, )(x) = (k= 1)! > (00 — P, ){x, X, M1y (21)
Gpperndgp €|

Proof. Let us prove (20) by induction on /. It is not hard to obtain from
(19)

Dy (0, — P, )%, o xe= % (0, — P, )ix, x", x'a,., xik1y,
mt (22)

Using Lemma 2 we get (20) for /= 2, namely,

(00— P, )% X, X%y XUy = N (9, — P, ){X, X", X1, xT1,
ogngr
n#iy..., ir-1

Assume that (20) holds for /| ={,. Hence

D, (00— P, ){xXs-mns X, x'o,..., xik-1}

Iy
= Z Dx—x’o((pa _Pwa)
) (.Jl ..... J,gvl)el;;
[FTTESN Jig—th M ggsenes ix_1)=2

fo, X/, o1, i, xik-1),

We now apply (17) and (22) to the left and right hand side, respectively.
This gives

Iop, — Pwﬂ){X,..., x, Xt xik—l}

=l D (00— Py )X X1y X0, Tl xh1)

Gpoeeen j,OAl)ell'l')'
+ Z 2 ) (0o — Pwa)
(Jlyeees jlgAx)EII'g nEf e Jig-1rirgr e [P
{F1seeen jlo*l)mlilo ..... iy )=
j j [ i
{x, x4, x0m1, x", xtior,, xk-1Y
j j i iy
=1, > (P — Py ) 1%, x4y X0, xltor L x00)
Upeesgd €Il
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Let us mention that (21) holds also for ¢, replaced by any polynomial of
total degree <m—k + 1.
We now obtain the following interesting analog of (18).

COROLLARY. Let P,= f/{x°,..,x"}. Then we have

r

Pix)=(k=1)! Y ¥

i=k=1 Gpoondy peli”]

JB [T D (23)

..... X I ooy
0LICi—1

Proof. This readily follows from relations (18), (19) and (21). §
In particular if all the points x°,.., x" in (23) coincide with x° then P/{x)

(as in Kergin interpolation |11, 12]) reduces to the Taylor polynomial of f at
x°:

Px)= f(*)+ Dy af (") + -+ + —(r——_lél—fl—)" DG ).

The following lemma finds its origin in [10], where a similar result for
Kergin interpolation is given. Here we use a weaker hypothesis.
LEMMA 4. Let x°,...,x" € R* be in general position,

P, = Sl X%y XY, n=1,.,m,

and

m
L S qufo=0, V(i iy ) E Ly
xi

Myeers x4k n=1

where q,, n=1,..,m, is a constant coefficient homogeneous differential
operator of order l. Then

> 4.P, =0.
n=1

Proof. Denote

m
P=73 q,P,.

n=1
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First we note that

m
f pP= j S gq,P, =0,
[xi1,. .., xi44] [xit "

.......... xit+k} p=1

since

..........

by Theorem 1 or by Micchelli’s relation (7).
Once more relation (7) implies for all a, |a|=i—k—{+1 and i, [+
k—1<i<r,

.....

[ P, (e f1a) € Do
[xh xit+k)

and since PE€ I1,_,_,, ;(R*) the proof is complete. [

This lemma readily provides the compiex analytic version of our inter-
polation essentially in the same way as in the Kergin case, for which we refer
to [9, Sect. 5]. :

At the end of this part we give some error estimates, which find their
origin in [12].

LEMMa 5. Ler x°,..,x" € RY, P,= f{x°,...x"} and (i\,, iy_,)ET}_,.
Then
| {2 x e, x5t} — Pox, x| oy

(r—k+ 1)!
a!

<i(d(K))’“"“( N 1D )”P (24)
\r! q p L oK)

lal=r—k+1

and

[f(x)— Pj(x)|1_w(x)

Ck r—k+1 _(I:ﬂ
< (r—k+ 1) (@, (K) (|a|:rz—k+l al

i/pP

”Daf”ioo(x)) . (25)

where 1/p + 1/g=1, K = [x°,..., x"] and d (K) = diameter of K in I, and C,
is constant depending only on k.
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Proof. Since the volume of Q" is 1/r!, (24) follows from (14). To prove
(25) we apply Lemma 2 to (15) k times, and then make use of (19), (20). B

Let us mention that (25) essentially is the same as error estimate for
Kergin interpolation [12]. Thus the result of Micchelli on interpolating a
function which has an analytic extension to a sufficiently large region
containing the interpolation points (see Theorem 4 in [12]) holds also in our
case.

4. HERMITE INTERPOLATION IN THE PLANE

We begin this part with the definition of B-splines on hyperplanes.

Assume that x°,..,x" € R™ lie on some hyperplane L of k dimension,
k < m, that is vol,[x°,..., x"] # 0, vol,_ ,[x’...,x"] = 0.

Then we find y' € R"*"~* i=0,.., r, such that y' has first m coordinates
as x', i =0,..., r respectively, and

vol, 0 # 0, o=,y

Now the definition looks as before, i.e., for x = (x,,..., x,,) € L,

vol,_{y€a|y,=x,i=1,..,m|

M, (x| x%..,x")=
L5250 ) .

The relation analogous to (8) in this case is
j FO) M, (x| X%y x7) ds = j Fox® + o +v.x")dv, e dv,,
L Qr

where ds is the volume element in L.

Now we shall restrict ourselves to the plane case.

Let x°,..., x" € R2

For every x', x/, x' # x/, we define the set 4, < {x°,...,x"} by: x' €A,
iff one of the following two assertions holds:

(i) x'=Ax+(1-x,0<A< 1.
(i) x'=x'or x' =x/ and min(i, j) < 1 € max{i, j).
Let us denote n(x’,x’)=#A,.,,, where # denotes the cardinality, and
m(x*)=#{l| x' = x*} (m(x*) is the multiplicity of the knot x*).

DEFINITION. Interpolating parameters for the set {x°..,x"} and
sufficiently smooth function f: R* —» R we define as follows:
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o n(xi,xjy -2 ) )
(—) £ i xiE X,

f*'xfzf d

4441

where f[ 4,401 9 is given in (4) and 9/0n is the derivative with normal direction
to segment [x, x']. Also

forer = Dlenedf(xk), a, +a, < m(x*)—2, it m(x*)>2.
THEOREM 5. Let x°,..., x" € R%. Then for every collection of numbers
i YRPH O Jo ke <ryxf 5, m(x*) 2 2, B, + By <m(x*) — 2}

there exists a unique 2-variate polynomial P of total degree not exceeding
r— 1 such that
Pxix!=)}ij’ xi:#xj, 0<i,j<r,
and
_._—al}l+ﬂ2 k B81,8 k k
axflaxgz P(x )=ykl, % m(X )22’ ﬂ] +ﬁ2<m(x )—‘2.

Proof. Let us first prove that [x°,.,x"|?, for every a, |a|=r—1, is
linear combination of interpolating parameters. Micchelli’s relation (7) can
be used as recurrence relation for multivariate divided difference. This
reduces our problem to showing that

a -2
J[x"l xi] (_3;) f

.....

is a linear combination of interpolating parameters, where x",..., x' lie on
some line L and /dn is normal direction to that line. It is not difficult to
show that in fact it is a linear combination of the following parameters:

Jeivss x,ver, #A =1
Indeed

-2

fm » (;j;)lﬁzf = jLML(xlx"n,...,xn) (%) rds,

fx’szjum (%)Hf

= Ml 4.) (%) s

and M, (x| x's..., x') is linear combination of M, (x | A i), #A .=l
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Now the proof is similar to that of the Theorem 2 since the number of
interpolating parameters is ("3'). |

COROLLARY. Let x°,...,x" € R* and let P, be the polynomial with inter-
polating parameters corresponding to f.
Then formulas for P obtained in the Lagrange case hold unchanged.

Proof. This is a consequence of the fact that [x'o,..., x!/|*f, for all
0y <1y |al=i—1 is a linear combination of interpolating
parameters of £, [

Remark. Hermite interpolation in an arbitrary space R* and another
proof of Theorem 1, which is based only on Micchelli’s relation (7), will be
presented in [8].

In that paper another natural multivariate interpolation procedure,
preserving the pointwise nature of Lagrange and Hermite interpolation, will
be given.
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